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ABSTRACT 

The off-shell representation theory of 4D, M = 1 supermultiplets can be 
categorized in terms of distinct irreducible graphical representations called 
adinkras. Recent evidence has emerged pointing to the existence of three such 
fundamental adinkras associated with distinct equivalence classes of a Coxeter 
group. A partial description of these adinkras is given in terms of two types, 
termed cis-and trans-adinkras (the latter being a degenerate doublet) in anal- 
ogy to enantiomers in chemistry. Through a new and simple procedure that 
uses adinkras, we find the irreducible off-shell adinkra representations of 4D, 
M = 1 supergravity, in the old-minimal, non-minimal, and conformal formu- 
lations. We categorize these representations in terms of their supersymmetry 
'enantiomer' numbers: the number of cis-(nc) and trans-(nj) adinkras in the 
representation. 
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1 Introduction 



The subject of off-shell 4D, M = 1 supergravity continues to be one that reveals 
surprises even today. Among the earliest off-shell formulations of 4D, M = 1 super- 
gravity were those in Refs. [H |2]. Shortly thereafter the topic received much more 
attention due to the near simultaneous work in Refs. [21 0] . Recently, the auxiliary 
field structure of the various off-shell supergravity theories [5] has been exploited to 
yield new insights into supersymmetric field theories in rigid, curved backgrounds 



A long time ago, 4D, M = 1 Poincare supergravity, in its minimal and non-minimal 
off-shell representations, was succinctly written in terms of a real parameter n that 
originated in a superspace prepotential analysis [8]. There the discussion was given 
using superspace in terms of non-Riemannian geometry, with torsion. We now join 
this old effort to our current one: that of describing the representation theory for all 
off-shell 4D, = 1 supersymmetric (SUSY) multiplets in a systematic form based 
upon a group theory-like foundation. This is one part of a larger quest to extend such 
an understanding to all off-shell supersymmetric systems. 

In Ref. [8] supergravity was analyzed simultaneously in both the old-minimal and 
non-minimal formulations in terms of a single parameter n. This parameter takes the 
value n = — I for the old- minimal formulation (mSG), n = for the so-called new- 
minimal supergravity (z/SG) and any n ^ -|,0 for the non-minimal representation 



(9ASG)j^We use the same parameter n in this paper. Besides the aforementioned use 

of these various formulations to describe rigid curved backgrounds, the non-minimal 
generalizations have certain roles to play in other areas. In the covariant formulation 
of the M = 1 heterotic string in four dimensions, for example, the explicit form of 
the graviton vertex operator singles out the n = — 1 non-minimal theory. This same 
theory was also shown in Ref. [11] to belong to a family oi M = 1 higher-spin theories 
for which it is possible to find a non-linearly realized M = 2 extension. 

In our quest to build off-shell SUSY representation theory, we use graphical repre- 
sentation tools - adinkras - as the irreducible representations for such SUSY systems. 
Adinkras are built on Q7l{d,N) algebras (the so-called garden algebras) which are the 
algebras of general, real dxd matrices that describe A^ supersymmetries between d 
bosons and d fermions [T^l US] • In two previous Refs. fTH IT3] we found the adinkraic 
representations for five well-known systems: the chiral, vector, tensor, real scalar, 

®There is, in fact, yet another theory at the Unearized level discovered in Ref. [9J and explained 



in Ref. TU]. This "new-new-minimal" theory (lyiySG) is minimal in that it is described by (12|12) 
degrees of freedom and is very similar in structure to the new-minimal formulation. 



mm- 
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and complex linear supermultiplets. A succinct way of classifying these representa- 
tions exists in terms of two SUSY enantiomer numbers ric and rit. As explained in 
Ref. [13j, these numbers were named after their analogy with chiral enantiomers in 
chemistry. These numbers encode the number of fundamental cis- {ric) and trans- 
{rit) valise adinkras that are used to represent the system. 

To make an analogy with su{3), the value of the enantiomer numbers for adinkras 
now appear to be analogous to using the eigenvalues of hypercharge for anti-quarks. 
It is well known that the anti-up-quark and anti-down-quark possess the same hy- 
percharge value and thus constitute a degenerate doublet in this respect. The anti- 
strange-quark is the only one with a distinct value. The tensor supermultiplet and 
vector supermultiplet possess the same enantiomer values, while the chiral supermul- 
tiplet is the one with a distinct value. We will show in this paper that this adinkraic 
degeneracy continues for larger SUSY representations. 

Once one becomes aware of the su{3) isospin operator and its action upon the 
various quarks, the anti-up-quark and anti-down-quark can be seen to be distinct. At 
the time Refs. [121 US] were completed, all evidence pointed toward there being one 
cis- and one trans-adinkra representation. The chiral multiplet was shown to exist in 
the cis-adinkra representation, the vector and tensor multiplets in the trans-adinkra 
representation. These works found no adinkraic distinction between the tensor and 
vector multiplets. More recently Ref. [H] revealed the existence of a QTZ{d,N) opera- 
tor (roughly analogous to an su{3) isospin operator) that shows the vector and tensor 
supermultiplets in the space of adinkras may be regarded as distinct. This evidence 
is embedded in a definition of equivalence classes of the Q7l{d,N) algebras and is 
related to permutation elements. While we are aware of this distinction, we will not 
use this finer definition in the analysis of this paper. Work on the understanding of 
this additional structure was begun in Ref. [T5] . 

1.1 The Adinkranization Process 

In this section we give only an overview of the adinkranization process and specifically 
how it will relate to the supergravity multiplets investigated in this work. For a more 
complete review of the adinkranization process, we turn the reader to Refs. p^[T3] . A 
4D, = 1 theory can be dimensionally reduced to a ID, = 4 theory by considering 
all the fields to be dependent on only one coordinate. We consider fields to have only 
time dependence and refer to the reduction as the 0-brane reduction. Once a system 
has been reduced to the 0-brane, adinkra pictures can be drawn which faithfully 
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reproduce all the information of the 0-brane transformation laws 



Di$, = ^(LiV^-. , Di^. = (Ri).^<i), (1.1) 

between a collection of bosons and fermions with i = 1,2, . . . ,dh and j = 
1,2, ... ,df counting the number of bosons and fermions, respectively. In the following, 
the notation {db\df) refers to a system with di, bosons and df fermions in valise form. 



where all the zero-brane fields have the same engineering dimension as in Eq. (1.1). 
For ID, A/" = 4 there are only two distinct irreducible (4|4) transformation laws and 
thus two distinct adinkraic representations: the aforementioned cis- and trans-valise 
adinkras fT2]. 



In Ref. [10], 4D, A/" = 1 off-shell linearized supergravity was investigated in terms 
of superprojectors. There it was shown that all (12|12) minimal models (mSG, z/SG, 
and new-new-minimal {uuSG) supergravity) could be formulated in terms of two su- 
perprojectors. All models with three superprojectors led to reducible (16|16) models, 
and models with four superprojectors were the non-minimal models, parameterized 
by a real number n. 

Stated another way, the various supergravity representations can be thought of 
in terms of which compensator is added to the base (8|8) 4D, A/" = 1 conformal 
supergravity (cSG). For mSG, the compensator is a chiral superfield, cr. For z/SG or 
uuSG, the compensator is a real linear superfield U or U, respectively, where the 
difference is in the gauge transformation. For ^SG, the compensator is a complex 
linear superfield Tj = aa + bU + cU with a, b, and c constants. 

We can thus succinctly denote the representation sizes as {4k\4k), with k = 2 
cSG, k = 3 mSG, z/SG, or z/z/SG, k = 4 reducible, and k = 5 ^dSG. This leads to 
k adinkras for a representation: The question is how many cis- and trans-adinkras 
are there and which component fields are part of which irreducible representation. 
In Section [2] we reveal a simple procedure to uncover these irreducible submultiplets. 
Throughout Sections |2| [3} and |4] we will show how the adinkras for the compensator 
field and cSG emerge to compose the full representations. In Sec. [5} we explain the 
pattern from 5*0(4) representation theory. 



2 4D, A/" = 1 Minimal SG (n = -1/3) 

The linearized theory of 4D, A/" = 1 Poincare old-minimal supergravity (mSG) 
contains the real component fields of a scalar auxiliary field S, pseudoscalar auxiliary 
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field P, axial vector auxiliary field A^, Majorana gravitino ip^j^a, and graviton h^^ [HI 



2.1 Transformation Laws 

We use the transformation laws 

BaS = -^-{[r,Y])a%i^ub (2.1a) 

D,P=^(7^[7^71)X^.. (2.1b) 

B^A, =^{J'Y)a%^,]b - \^r^{lu)^d^^f^, (2.1c) 

D.V=^(7(M)aV.)6 (2.1d) 

-^([7°,7l)a.5„V (2.1e) 
which are a symmetry of the Lagrangian 

- \S' - + \a,A^ - \iJ,ae'"'''\l'l.r'd^^lJp, (2.2) 
up to total derivatives 

^a^^mSG = + total derivatives. (2.3) 

In the above and hereafter, h is the trace of the graviton 

h = r^^''K. . (2.4) 

A direct calculation reveals the following algebra 

{Da,'D,}S = 2i{Y)abd,S , {D,,D,}P = 2z(7^),,9^P , (2.5a) 

{J^aMAu=2i{^^)abd^A, , (2.5b) 

{Da, Dfc}/i^^ =2ii'y°')abdah^,u - iil°')abd(^K)a , (2.5c) 

{Da, DjV^^c ='^i{l")abda'4'i,c " id^ifabc ■ (2.5d) 
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The extra term on the right hand side of Eq. (2.5d) is given by 



+ ^(7/3)a47^7lc'5M^ad . 



(2.6) 



Comparing the RHS's of Eqs. (2.5) for the graviton {h^^v) and gravitino ('?/'^a) to those 
for the other fields, there are extra terms that are consequences of the well known 
gauge symmetries of the Lagrangian 



(2.7) 
(2.8) 



for arbitrary infinitesimal vectors and spinors ea- 



2.2 One Dimensional Reduction 

In the temporal gauge 

V = V-oa = (2.9) 
the Lagrangian reduced to the 0-brane becomes 

■^mSG ~ ^12 + ^13 + ^23 ~ ^11^22 — huhss — /i22^33 
_ I52 _ lp2 _ 1^2 ^ 1^2 ^ 1^2 ^ 1^2 

3 3 3 ° 3 ^ 3 ^ 3 ^ 

+ i (-^31^12 + ^32^11 - V'33V'14 + V'34V'l3 " V'll^23 + V'l2V'24 

+ ^/'13^/'21 - ^14V'22 - ^21^34 - ^/'22 ^33 + fe^32 + ^/'24^3l) • (2-10) 

In the above and hereafter we use the shorthand for time derivatives 

hn=doh, . (2.11) 

The 0-brane reduced transformation laws are displayed in Tables [T] and [2j Table |3] 
shows the transformation laws for the cis- and trans-valise representations simulta- 
neously via the parameter Xo = — fit where xo = 1 for cis- valise and xo = ~1 for 
trans-valise. Fig. [T] shows the cis- and trans-valise adinkras where the colors encode 
the D-transformations between the fields with the dashed (solid) lines encoding an 
overall minus (plus) sign. Also, in translating adinkras to transformation laws there 
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is an overall factor of the imaginary number i multiplying the boson in transforma- 
tions from fermion to boson. Our last rule in the translation is that there is a time 
derivative on the field in the lower node in moving from an upper node to a lower 
node. 



Table 1: Supergravity transformation laws for bosons in temporal gauge, Eq.(2.9), and 
reduced to the 0-brane. 





Di 


D2 




D4 




s 


-i>ii - i'23 + i'32 


i>l2 - i'24, + i>31 


i'13 - i'21 - '034 


-i'14 - i22 


- 033 


A2 


it/>ll - 4123 - 5l/>32 


-^i>12 - 024 - ^i'31 


^i>13 + ¥'21 - 3l/'34 


-3'014 + 0'22 


- 3>/'33 


his 


jV'll + 5'/'32 


— ^i'12 + 3031 


3 013 + 3 0'34 


-\il4 + 3 


V'33 


hii 


i'12 


0'11 


'014 


i'13 




h22 


-i>2A, 


023 


'022 


-0'21 




fl-33 


i>31 


— 032 


'033 


-0'34 




Ao 


i'13 - i'21 - i'34. 


-0'14 - 0'22 - 0'33 


in + i>23 - i'32 


-'012 + i'24 


- 0'31 


Ai 


-i'13 - 5'/'21 - jl/'34 


-•014 + 3'/'22 + 30'33 


ill - 30'23 + ^^32 


i'12 + 3 0'24 - 


3 0'31 


h23 


5'/'21 — j'/'34 


-3 022 + 3'/'33 


3 '023 + 3 032 


-3'024 - 3 


'031 


P 


-•014 - i>22 - i>33 


-013 + ■021 + 1^34 


i'12 - i'24 + i'31 


'011 + '023 - 


'032 


A3 


^iu + ^i>22 - i>33 


-^i'13 + ^i'21 - '034 


- 5'012 + 30'24 + 031 


30'11 + 30'23 


+ i32 


h\2 


- 5l/'14 + 5'/'22 


3013 + \i>21 


3'012 + 30'24 


-i'Aii + i 


i>23 



Table 2: Supergravity transformation laws for fermions in temporal gauge, Eq.(2.9), 
and reduced to the 0-brane. 





Di 


D2 


D3 


D4 


i'13 


i ^ Aq — ^iAi 


- jiAs - iiP + ihi2 


jiA2 + jiS + ihi3 


ihll 


i'21 


— UAq — hiAi + ih23 

— 3«Ao — jjAi — ih23 


jiA3 + ijP + i/112 


|iA2 — \iS 


-ih22 


i'34 


-|iA3 + iiP 


— ^iA2 — ^iS + ihi3 


-ihss 


i'14 


^iA3 — Up — ihi2 
jiAs — giP + ihi2 


— i Aq — ^iAi 


ihll 


— j^iA2 — j^iS — ihi3 


022 


— iiAo + ^iAi — ih23 


ih22 


^iA2 — -^iS 


i'33 


-|iA3 - iiP 


— ^iAq + ^iAi + ih23 


ih33 


— ^iA2 — ^iS + ihi3 


'011 


A2 - lis + 1^13 


ihll 


ijAo + i|Ai 


iiAs + lip - ihi2 


0'23 


— §iA2 — T^iS 


ih22 


^iAo — ^iAi + ih23 


giA3 + iiP + ihi2 


0'32 


-giA2 + jjS + ihi3 


— ih33 


— ^zAq + ^iAi + ih23 


|iA3 - iiP 


'012 


ihll 


-iiA2 +iiS - ijii3 


-iiA3+iip + ihi2 


-ijAo + i jAi 


'024 


— ih22 


-fiAa - \iS 


liA3 - liP + ijti2 


jiAo + jiAi — i/i23 


0'31 


ihss 


- liA2 + giS + ihi3 


|iA3 + liP 


-ijAo — jsAi — lh23 



Table 3: Transformation laws for an arbitrary cis- (xo — I) or trans-valise (xo = 
adinkra system. The $i are bosons and the ^'j are fermions. These laws are encoded 
by the cis- and trans-valise adinkras in Fig. [71 





Di 


D2 




D4 




Di 


D2 


p.. 


D4 


*1 


i*l 


i*2 


iX0*3 


— i*4 


*1 


*1 


— *2 


-X0*3 


i'4 


*2 


i*2 


— i^l 


1X0*4 


i*3 


*2 


*2 


«1 


— XO'i'4 


-i'3 


*3 


i*3 


-1*4 


-1X0*1 


-1*2 


*3 


*3 


4.4 


xoil 


<i>2 


#4 


i'1'4 


i*3 


-iX0*2 


z*l 


*4 


*4 


-■i>3 


Xo4'2 


-*1 



From Fig. [T| we can see that each D-transformation for an adinkraic representation 
is a bijective map between fermions and bosons. The transformations in Table [T] 
map twelve bosons into twelve linear combinations of fermions that are different for 
each D-transformation. Similarly, Table |2] maps twelve fermions into twelve linear 
combinations of bosons that are different for each D-transformation. For the (12|12) 
mSG system to be represented in terms of the irreducible (4|4) cis- and trans- valise 

6 





Figure 1: The cis- (left) and trans- (right) valise adinkras encoding the transformation 
laws in Table^ 

adinkras, there must be three distinct sets of hnear combinations that define the 
nodes in the cis- or trans- vahse adinkra and collapse Tables [T] and [2] to Table |3j 

Tables [T] and [2] are organized horizontally into groups of three fields that can 
combine in linear combinations to form the nodes of an adinkra. Finding the linear 
combinations that collapse Tables [l] and |2] to either the (4|4) cis-valise or the (4|4) 
trans- valise basis in Table[3]and Fig.[T]will automatically give us the SUSY enantiomer 
numbers ric and nt for mSG. Our strategy is to find the number ric of ways Tables [l] 
and [2] collapse to Table |3] under the cis-valise choice (xo = 1) ^'Hd the number of 
ways Tables [1] and [2] collapse to Table [s] under the trans- valise choice {xo = "I)- 

Starting with a seed linear combination: 



(2.12) 



where Ui, U2, and are arbitrary constants, we can calculate the D-operator on the 
\Efi node through both Tables |2] and |3] to define another node. We continue the process 
until we have defined all the nodes. We will see that after four iterations, each with 
a different color, choosing the cis- or trans- valise representation, Xq = 1 or Xq = ~1 
respectively, will lead to constraints on ui, U2, and M3. A simple analysis of these 
constraints will tell us: 

1. The nodal field content of the cis- and trans- valise adinkras in the representa- 
tion. 

2. The number of cis- [ric) and trans- valise {ric) adinkras that compose the repre- 
sentation. 



We proceed by calculating Di^^i from Table[3]and equating this to Di^^i calculated 



from Eq. (2.12) and Table 2 This defines $1: 
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Di\l>i =$1 

1 , 



^gl-Ml -U2- ^3)^0 + 2(2^1 - M2 - + (m2 - ^3)^23 

Next, we calculate D2$i through both Tables [T] and [3} defining '^i'- 



D2$i =i\I'2 

1 



-l^-Ml + 2m2 + 2M3)V^i4 + -(2Mi - M2 + 2^3)^22 
1 



+ -(2mi + 2m2 - M3)V^33 ■ 

Following this with a calculation of Dv^2 gives us $4: 



(2.13) 



(2.14) 



D3*2 = - X0$4 
1 



-i^-ui + 2^2 + 2n3)/iii + -(2mi - U2 + 2n3)/i22 

+ ^(2ui + 2U2 - U3)/;,33 . 



(2.15) 



Our fourth iteration with a different color, D4$4, takes us back to where we started, 
^'i, and as promised forces a consistency condition when compared with the seed 



relation, Eq. (2.12) 



(2.16) 

This constraint simplifies to the following under the choice of cis or trans: 



^(-Mi + 2u2 + 2u3)^/'i3 - ^(2ni - U2 + 2^3)^21 

-^(2mi + 2m2 - M3)V'34 



cis: Xo = 1 
trans: Xo = ~1 



Ul= U2 = U3 , 

Ml + M2 + M3 = . 



(2.17) 
(2.18) 



The four iterations, Eqs. (2.12) through (2.16), that lead us to the constraint Eqs. (2.17) 



and (2.18) can be succinctly depicted with the adinkras in Fig. ^ 



Further iterations define the other four nodes of each adinkraic representation but 
lead to no further constraints on Ui, U2, or M3. These resulting nodal definitions for 



8 



(|2l2|,([2l6| (|2l4| 




(|2l2|),(|2l6| 



(2.15) (2.13) 




Figure 2: On the left (right), the iterative procedure in Eqs. (2.12) through [2.16) that 



leads to the cis (trans) constraint in Eq. (2.17). This is the cis-valise (trans-valise) 
adinkra in Fig. |7] with the nodes and links that do not enter the iteration removed. 



the cis and trans choices are 



/ -uiAo \ 

-UiP 

uiS 
\ -uih j 



( -^^l(^13 - ^21 - V'34) \ 
-Ml(-^/'l4 - i)22 - V'33) 
-Ml (^11 + ^"23 - ^32) 
V -Ml(^/'12 - ^24 + V'31) / 



CIS: xo 



U\ unconstrained, 



(2.19) 



UxAx + (m2 - M3)/i23 
^3^3 + (Mi - U2)hx2 
U2A2 + (m3 - Ui)h-ii 

-uihn - U2h22 - ushss 



/ -Ml^l3 + M2^21 + ^i3^34 \ 
-UlV'14 - U2tp22 - U3^33 
-Uiiju - U21P2?, + ^i3^32 
\ -Uii)i2 + M2^24 - M3^31 / 



trans: Xo = ~1 1 Ui + U2 + u^ = 0. 



(2.20) 



The cis choice, Eq. 2.19 has only one free parameter, mi, which encodes an overall 
scale freedom in the definition of the nodes. We can, with no loss of generality, set 
this parameters to Mi = — 1. The cis-valise submultiplet is therefore unique and so 
we have ric = 1 for mSG. We see in Eq. (2.19) that the cis definition of $ contains 



the trace of the graviton. This is related to the rotational symmetry fixed by the 



solution, Eq. (2.17). Notice that the two solutions (2.17) and (2.18) form a line and 

L^, respectively, that are perpendicular to each other. 



a plane through the origin in 
In contrast to there being one unique cis choice, there are two linearly independent 



ways the trans choice, Eq. (2.20), can be satisfied. We see then that mSG has the 
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SUSY enantiomer numbers 



1 



nt 



(2.21) 



which are the same as those for the complex hnear super mult iplet 
The equations 



P 
-S 

h 



\ 



\ 



Ul Ai + (U2 — U3)'>23 
^3^3 + (ui - U2)hi2 
U2A2 + (113 — Ui)h3i 
-uihii — U2h22 — ^^3^33 
viAi + (t)2 - V3)h23 
^3^3 + (t>l — V2)hi2 
V2A2 + (v^ — Vi)h3i 
-vihii — V2h22 — ^3^33 



( 



\ 



■^13 - i'21 - i'34, 
-V'14 - i'22 - 4'33 
4>11 + 4>23 - i'32 

1^12 — li'24 + i'31 

-UH/113 + U2V'21 + "3'/'34 
-ull/114 - U21P22 - "3'/'33 
-tlH/>ll - U2i>23 + "3'032 
-Ui4'12 + ^2V'24 — ^3V'31 
-vilpis + D2'/'21 + ^3i>3i 
-viipii - V2i>22 - ^3^33 
-viilii — V2i>23 + V3i>32 
-Viipi2 + ^^2^24 — ^3^31 



(2.22) 



define the nodal field content for the complete adinkraic decomposition for mSG where 
fi, V2, and V3 parameterize the second trans- valise submultiplet and satisfy the same 
constraint as Ui, U2, and ^3: 



ui + U2 + U3 = vi + V2 + V3 = 



(2.23) 



Furthermore, considering our free parameters to be m = (mi,M2) and v = {vi,V2), we 
must also enforce linear independence: v u, otherwise they would be describing the 
exact same field content up to an overall rescaling. 

The node definitions (2.22) collapse Tables [l] and [2] into Table |4] three different 
ways, which is encoded in the valise-adinkra for the full mSG multiplet in Fig. [3j 
In Section |4| we will see that the cSG adinkra is composed precisely of the two 
trans-valise submultiplets of mSG. We identify the cis-valise submultiplet of mSG 
as the chiral compensator, a, as explained in Sec. [T} This is consistent with prior 
results [121 [13] that found the chiral multiplet to be the cis-adinkra in valise form, 
with SUSY enantiomer numbers = 1, fit = 0. We can lower all fermionic nodes 
and the node that contains the trace of the graviton h = hu + /i22 + ^33, and swap 
a sign on S and i'^2 = —i^u ~ "^22 — "^33 to arrive at the extended adinkra in Fig. |4| 
Notice the nodal field content is now without derivatives. The trans-valise adinkras 
do not have this capability as all of the allowed choices for u and v will lead to nodal 
field definitions that are linear combinations of fields that are of different engineering 
dimensions. 
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Table 4: Zero-brane reduced mSG transformation rules in the adinkraic representation 
in Eqs. (KM. 







U2 


'-■'3 


l-'4 




Ul 


U2 






^1 










^ 1 


^ 1 




— $3 


# - 


*2 


1*2 


— z*l 




i*3 


*2 


*2 


*1 


— ^4 


— #3 


*3 


i*3 


— 2*4 


— -i*! 


-!*2 


*3 


*3 
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Figure 3: The mSG valise adinkra is composed of one cis-valise adinkra (upper left) 
and two trans-valise adinkras (upper right and bottom). The mSG multiplet therefore 
has SUSY enantiomer numbers = 1, nt — 2. This is the exact same valise adinkra 
found for the complex linear supermultiplet in Ref. USf . The engineering dimensions of 
all bosons are the same and the engineering dimensions of all fermions are the same. 




Figure 4: The chiral compensator submultiplet of mSG. It is the cis-valise adinkra in 
Fig. with all fermion nodes lowered and the graviton trace node lowered. Also, the S 
node and ipn + ?/;22 + ^33 nodes have the opposite sign as in the cis-valise. 
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Table 111 can be succinctly written as Eq. (1.1) with adinkra matrices 



I3 ®I4 

/ 1 \ 

i -1 

\o -1) 



L2 = ih ® /^a 



(2.24) 



We have written the adinkra matrices (2.24) in terms of the SO{A) generators 

r3 



ia^ = icr^ (X) cr^ , ia"^ = il 



2 (X> cr' 



ia.^ = icr"^ (X) cr" 



i/3 



^ - icr^ (g) cr'^ 



if3^ = io-^ (g) I2 , if3^ = ia--' 



(2.25) 



The adinkra matrices (2.24) satisfy the orthogonal relationship 



Ri — Lj — Lj 



(2.26) 



and the garden algebra 



(2.27) 



LiRj + LjRi — 25ijli2 
RiLj + RjLi = 2(5ijli2 

with I„ the n X n identity matrix. These are identical to those for the complex linear 
supermultiplet as presented in Ref. [13] . 



2.3 Traces 

The chromocharacters, as defined in Refs. [121 [13], ^-^e 

Tr[LiL*] =4(n, + <5ij 
Tr [LiL* LkL^] =A{n, + n^) (5ij5kl - <5ik<5jl + 5il<5jk) (2-28) 
+ 4(nc - rit) euKL ■ 
The chromocharacters for mSG are 

Tr[LiL*] =12 5ij 
Tr[LiL*LKL^] = 12(5ij5kl - ^ik^jl + ^il^jk) (2.29) 
— 4 eijKL , 

the same as for the complex linear supermultiplet ^13j , with SUSY enantiomer num- 
bers He = l,nt = 2. The top left adinkra in the full valise of Fig. |3]is the cis-adinkra, 
and the top right and bottom adinkras are the two trans-adinkras. As explained in 
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Sec. [T} at the level of representations, mSG is a cliiral compensator superfield added 
to cSG. Since we have already identified the cis-adinkra in Fig. |4]as the (4|4) chiral 
compensator, we would be led to believe that the two trans-adinkras compose the 
(8 1 8) cSG. We will indeed find this to be true in Section 111 



3 4D, A/" = 1 Non-Minimal SG (n ^ -1/3, 0) 

The linearized theory of 4D, M = \ Poincare non-minimal supergravity (^aiSG) 
contains the real component fields of a scalar auxiliary field 5, pseudoscalar auxiliary 
field P, axial vector auxiliary field A^, Majorana gravitino ■i/'^a, graviton /i^j,, vector 
auxiliary field V^, axial vector auxiliary field W^^,^ and Majorana auxiliary fermions 
\a and [8]. 

3.1 Transformation Laws 

To proceed with adinkra analysis, we must write the transformation laws for 
;jiSG p] in Majorana notation. These transformation laws depend on the parameter 
n 7^ —1/3, and are given by 

~ 1 77 ~ 

DaS = ^{[r,Y])a%i^ud-^^a + {Y)a%\d (3.1a) 

1 nN 

DaP = t^{l'b'',Y])a%^uci-t^{l')/Pd + til'Y)a%Xd (3.1b) 

DaA^ = -^^(7V)a'5[,^Ml'i+^e/"''(7,),U7/>^, + ^2iV(75)/a^A, (3.1c) 
Dah^u = ^(7(^)a'^.)d (3.1d) 

+^{'y'Yl^.)J^X + \tr\lfi)ad,^o.d (3.1e) 
nN ~ 

DaV, = - — {l,)a''Pd+{Yl,)a%Xd (3.1f) 

Da^^^c = -i2nN{^^)acS + 2nN{^''^^)acP - 2(7')aci^ + ^(7'7'7m)-^ 

-i\{b''.l^])acde.hp^ + 2niV(7V7M)acW^. (3.1g) 

DaXc = -t^CacS+—i^%cP+Y(^'^')-cW, + t-iY)acV, (3.1h) 

Dj, = -^2(7'^),,9^5 + 2(7V)ac5^P-^(7'[7^7l)ac5MW^. + ^J^C,ea'^V; 

+ ^(7^)-^.^^ + 2^^{^%^d^W, + ^ — ([7^7l)ac5,K (3.1i) 
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where 

iV = ^ . (3.2) 

n 

These are an invariance of the same Lagrangian as was presented in Ref. [S] in the 
hnearized hmit 

+ li^!i±I)!(5^ + i32) _ 4(3n + l) ^ -^ _ ^ ^^^^ 

n n 



The algebra closes on the auxiliary fields X = {S, P, A^, V^, W^^ A^, Pa) as 

{BaMX = 2i{r)ai,d^X (3.4) 
and on the physical fields ifj^a and h^j, as 

{Da,^h}h^y =2i{'j")abdahf,^ -i{'j")abd(pK)a 

{Da, Dfej^A'c ='^i{'l°')abdai)^c " idf^iPabc " id^Xabc (3.5) 



where y^abc is the same as for the minimal case, Eq. (2.6). The new term on the right 
hand side of the gravitino algebra 

Xabc J^I^ {8{r)abMj' + [r,l%bba,lpl') A, (3.6) 

on 

is in terms of the new auxiliary fermion Aa and is also a consequence of the gauge 



symmetry Eq. (2.8) of the Lagrangian. 



To facilitate finding the ^dSG adinkra, it will be advantageous to move to a basis in 
the 4D, Af = 1 theory where the transformation laws take a simpler form. Performing 
the following field redefinitions 

Pa = 2 [7^ r]a%^.d - ^ Pa + 25,A, , (3.7a) 

A„ = 4^^A„ , (3.7b) 
n 

S = 2{3n + l)S , P = 2{3n + l)P , (3.7c) 

W^ = 2{3n + l)W^+'^A^ , (3.7d) 
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Qr) -I- 1 _ 

V, = 2^—V^ , A^ = -2A^ , (3.7e) 
n 



the transformation laws become 



DaS 

D^P 



DaA^ 



D h 



DaW^ 
DaV^ 

Dalpf^c 
DaXc 



Pa 



1 



-l{l''ly)a'fid^\tr\lfi)ad.^o.d 
-ltr^{l'lp)a''d,^ad 



-^^^{[l'',l^])ac^ahp, + (7^'^7^)acW^. 



+^{r)acV, + (7 V)ac^^ 

l{l^)acd^.S - (7 V)ac5^P - (7')ac5'^W^M 

-inCacd^V^ + iCacd^dy,h^{ . 



(3.8a) 
(3.8b) 
(3.8c) 

(3.8d) 

(3.8e) 

(3.8f) 
(3.8g) 
(3.8h) 
(3.8i) 



The Lagrangian that is invariant with respect to these simphfied transformation laws 
is: 



;jiSG 



+ ip2_ 

n 

3 



n 



n 



2 V 
W.A^" + A.A^" —Vry^" 

1 . , . 2 



3n + 
n 



-^^W^ - - ^;.ae^'^"''(7'7.)'^'5aV'/3b + ^^^TVy^"/^' 



77 T) 



(3.9) 



3.2 One-Dimensional Reduction 



Once more we work in the temporal gauge (2.9) for the graviton and gravitino so 



that the Lagrangian (3.9) reduced to the 0-brane becomes 
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=^12 + ^13 + ^23 - ^11^22 " hllh33 " ^^22^^33 + "'S'^ + 



n 



1 

n 



+ 



1 



3n + l 



2 i-WiA, - W2A2 - W3A3 + WoAo) 

+ n{AiAi + A2A2 + A3A3 - AqAo) 

- n{V,V, + V2V2 + V3V3 - VoVo) 

- 3{WiWi + W2W2 + W3W3 - WoWo) 

+ i ( -V'31^12 + ^32^'!! - V^33^14 + V^34^13 " ^llV'23 + ^^12^^24 



+^'13^21 - ^14V'22 - ^^21^^34 " ^22^^33 + V'23V'32 + V^24^31 
1 



-(2(A2/3i - Ai/32 - A4/33 + A3/34) - n{Xih + A2/2 + A3/3 + A4/4)) 



3n + l 
2n f ■ 

- i^, — r A2^/'ll + Ai^/'i2 + A4V'13 + AaV'M - A4V'21 + A3V'22 

in + 1 \ 

+ A2V'23 - AlV'24 + AiV'31 - A2V'32 + A3V'33 " A4^34 



(3.10) 



The 0-brane reduced transformation laws can be succinctly displayed as in Tables |5] and [6j 
Following the same iterative procedure depicted in Fig. [2] leads us again to one unique 
cis- valise submultiplet, and an infinite set of choices for trans- valise submultiplets, the 
nodal content of which are 



Wo 
P 

S 

n(h + Vo 



\ 





/-/33\ 




-/34 








\ -/32 / 



cis: Xo = 1 , 



(3.11) 



/ u,Al + {U2 - U3)h23 +^{Ao + A,-^-^)- u,W^ \ 
UsAs + (Ui - U2)h2 + ^{A3-^-V2)- U,W3 
U2A2 + {U3 - ni)/l3i + ^ [A2-^ + V3)- U^W2 

\ -uihn - U2h22 - ^3/133 + ^{Vq + Vi) + u^n{h + Vq) / 
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-UliJu + U2i'21 + M3^34 + ^ ^4 



U21IJ22 - U31P33 + 2^ 



I 9M4 



A2 
2 



14 



31 + JfM 



■ ^22 - ^33) + U5P4 
' + ^32] + 

U5(32 



trans: xo = -1 , Ui + U2 + U3 + U4, + = 0. 



(3.12) 



Table 5: fhSG bosonic transformation laws in temporal gauge, Eq.{2.9), and reduced 
to the 0-brane. 





Di 


D2 




D4 


hii 


'/'12 


'/'II 


014 


^13 


h22 


-'/'24 


'/'23 




-1021 


^33 


•^31 


-'/'32 


■^33 


-1034 


Vo 


V'24 - i'31 - 4>12 - ^ 


-'/'II - '/'23 + ^32 + ^ 


-in - '022 - i33 + ^ 


-1013 + l/'21 + 1034 


Vl 


i>12 - 4>2i + 4>31 + ^ + -''I 


4>32 - ill - i23 + ^ - ^2 


^ - A3 - ii4 - 1/.22 - 1033 


1013 - l/'21 - 1034 + ^ + ^4 


hi3 


jV"!! + 3'/'32 


— 3'/'12 + 3l/'31 


31013 + 3'/'34 


- 31014 + 31033 


S 


/3l 


132 


P3 


^l4 


W2 


1 {4>32 - ill) - Pi 


i {ii2 + i3i) - & 


\ {i3i - il3) + P3 


1 (014 + 033) + Pi 


V3 


^ - A2 - !/>ll - •l/>23 + i>32 


'024 - '012 - i3i - 4r ~ -"'1 


^ + A4 + -013 - 1/121 - '034 


in + i22 + l/'33 - ^ + -'>3 


A2 


-3 (-'/'II + 2</>23 + 4>32) 


-3 {il2 + 2'024 +'03l) 


- 3 (-'/'13 - 21021 + l/'34) 


-5 (1014 - 21022 + 1033) 


hi2 


- 5'/'14 + 3'/'22 


3'/'13 + 3'/'21 


3l/'12 + 31024 


- 31011 + \^23 


P 


-fii 


/53 


-/32 


Pi 


W3 


5 {-4>H - i>22) - Pi 


3 (il3 - '02l) - /33 


3 (ii2 - i2i) - P2 


3 {-ill - i23) - Pi 


V2 


4'li + i'22 + i'33 - ^ + ^3 


ii3 - i21 - i34 + ^ + ^1 


il2 - 024 + i31 + ^ + •''1 


ill + 023 - i32 - ^ + A2 


A3 


~ 5 (-'/'14 - i'22 + '2^33) 


-3 {il3 - '021 + 2i3i) 


-3 (012 - l/'24 - 2l/'3l) 


-3 (-l/'ll - 1023 - 2032) 


h23 


^i'21 - ^i>3i 


-^i'22 + 3'/'33 


3 023 + 3 032 


-3l/'24 - 3l/'31 


Wo 


-fis 


-Pi 


Pi 


;92 


Wi 


3 {^21 + i3i) + /33 


3 (-'022 - '033) - /34 


3 (l023 - l/'32) + Pi 


3 ('/'31 - 024) - P2 


Ao 


^13 - '021 - '034 + >'4 


-'/'14 - '022 - '033 - ^3 


ill + 1023 - 1032 + A2 


-1012 + 024 - i31 - >^1 


Ai 


— 3 (2!/'13 + 4121 + i>3i) 


- 3 (2'014 — '/'22 — 1033) 


- 3 (-2l/)ii + l/)23 - 1^32) 


- 3 (-21012 — 1024 + 103l) 



Table 6: i;hSG fermionic transformation laws in temporal gauge, Eq.(2.9), and reduced 
to the 0-brane. 





Di 


D2 


D3 


D4 


l/ll 


1^113 — — iW2 


fill 


iAi — iWo + iWi 


— ih\2 — iP — i^3 


^23 


~iA2 — iS — iW2 


i''22 


i/i23 — iWg + iWi 


ih\2 — iP — iW3 


032 


i-hi3 + iS + iW2 


— i/133 


ih23 + iWo — iWi 


iA3 + iP + iWs 


A2 


iA2 + iNS - iV3 + 3iW2 


i(Vo - Vl) 


iAo - iAi + 3iWo - 3iWi 


iAs + iNP + iV2 + 3iW3 


Pi 


iS 


in {h + Vh) 


iWo 


iP 


012 


ihii 


— ihi3 + i5 + iW2 


ihi2 — iP + 1^3 


iAi + iWo + iWi 


024 


-ih22 


— iA2 — iS — iW2 


ihl2 +iP - iWs 


— ih23 — iWo — iWi 


031 


ih33 


ihi3 +iS + iW2 


iAs - iP + iW3 


— ih23 + iWo + iWi 


Ai 


i(Vo+Vi) 


-iA2 - iNS - iV3 - 3iW2 


-iA^ + iNP + iV2 - 3iW3 


-iAo - iAi - 3iWQ - 3iWi 


P2 


-in (h + V"o) 


iS 


-iP 


tWa 


013 


— iAi — iWo — iWi 


ihi2 + iP + iW3 


ihi3 +iS - iW2 


ihii 


021 


ih23 + iWf) + iWi 


ihi2 — iP — iW^ 


iA2 - iS + iW2 


-ih22 


034 


— ih23 + iWQ + iWi 


— iA^ — iP — iW3 


ihi3 - iS + iW2 


-i'133 


A4 


iAa + iAi + -iiWo + 3iWi 


-iAs - iNP + iV2 - 3iW3 


iA2 - iNS + iV3 + 3iW2 


i(Vo +Vi) 


P3 


-iWo 


iP 


iS 


-in [h + Vo) 


V'14 


-ihi2 +iP - iW3 


—iAi + iWo — iWi 


ihii 


-ihi3 - iS + iW2 


l/'22 


ihi2 + iP — iWs 


— ih23 + iWo — iWi 


ih22 


iA2 — iS + iW2 


033 


-iAs + iP - iW3 


ih23 + iWg — iWi 


ih33 


ihi3 - iS + iW2 


^3 


iA^ - iNP + iV2 + 3iW3 


-iAo + iAi - SiWo + 3iWi 


i{Vo - Vl) 


-iA2 + iNS + iVi - SiW2 


Pi 


-iP 


-iWo 


in [h + Vo) 


iS 
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Since there is one unique cis choice, we have = 1 for y^SG as was the case 
for mSG. Since k = 5 = ric + rit for y^SG {y^SG is a (20|20) degree of freedom 



multiplet, see again the discussion at the end of Section 1.1), we must chose four 



hnearly independent trans-submultiplets to complete the adinkra and so we have 
rif = A for ^SG. In summary, the SUSY enantiomer numbers for ^SG are 



nt = A 



(3.13) 



To fill out the nodal field content of the (20|20) yASG multiplet, we must make 



three more copies of the trans-submultiplet, Eq. (3.12), by creating three more sets 



of parameters, Vi, qi, and pi, that are constrained exactly as the Ui are: 

Ui + U2 + U3 + Ui + = 

^1 + "^2 + ^^3 + ^4 + "^5 = 
P1+P2+P3+P4.+P5 = 

gi + g2 + gs + ^4 + gs = . 

Furthermore, choosing the independent parameters from each set to be 

p = (pi,P2,P3,P4) , g = (gi,g2,g3,g4) , 



(3.14a) 
(3.14b) 
(3.14c) 
(3.14d) 



(3.15) 



we have the condition that these must be linearly independent. This is, as before, so 
that each trans-submultiplet has unique nodal field content. The field content for all 



nodes of the ^dSG adinkra is shown in Eqs. (3.16) and (3.17) where horizontal lines 



separate the five submultiplets. These node definitions collapse Tables [5] and [6] to 
Table [7] which is succinctly displayed as the valise adinkra for ^SG in Fig. [5] 
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Wo 

p 

s 



\ 



■u-lAi + (U2 - U3)h23 H [ Ao + Ai 

N V 

U4 / 

"3^3 + ("1 — "2)'>12 H — 

AT V 

niA^ + (us — MiJ^si H {A^ — 

N \ 
1X4 

—uihii — U2h22 — W3/133 H (Vb 

N 



_ Wo 

n 

W3 _ 

n 
W2 



Wi • 



— U5 IV I 

rt / 

V3] - U5W2 

n / 

+ Vi) + U5n(h + Vo) 



N 

l'3^3 + (fl - l'2)hl2 + 
"2'42 + («3 — '"l)'>31 + 
-"ihl 



V2h22 — V3h33 H (Vo 



(ao 




Wo Wi ^ 


+ Ai 


n ri , 




A3 - 


W'3 \ 


I 


V2 U 






rt / 






W2 \ 


iV ' 


A2 - 


+ V3 - 




)4 ,., 


n / 



) - v^W-^ 
v^W^ 
vqW2 
+ Vi) + V5n{h + Vo) 



Q4 

q3)'l23 + — [Ao + Ai 



giAi + (92 — q3)'i23 + 

Q4 { 

•aAi, + (qi - q2)hi2 + — [ A3 

N \ 

Q4 ( 

I2A2 + (iJ3 - 9l)'l31 H [ A2 ■ 

N 



n 

VV3 _ 

n 

W2 



Wi ■ 



92h22 - <33h33 H {^b 

M 



95 Wl 

n / 
V2) - 95 W3 

Vg") - 95^2 

+ Vi) + q5n(h + Vo) 



Pl^l + (P2 - P3)'l23 H { Ao + Ai 

N V 

P3A3 + (pi - P2)'>12 H p43 - 

iV V 

P4 ( 

V1A2 + (P3 - Pl)h31 H - 

iV V 

P4 

-PI /ill - P2h22 - P3'l33 + — (^0 
N 



_ Wo^ 
n 

W3 _ 

n 

W2 



Wi ^ 



psjWi 

n / 
V2^ — P5W3 

V3) -P5W2 
Vi)+P5n(h + Vo) 



(3.16) 



— u\-lp\3 + U2^21 
-lllV'14 — •"2l/'22 — 'i3V'33 + 2 
-ulVill — U2^23 + W3V'32 + 2 



-Vi4'14 — V2^22 — V3il33 + 2 
-Ull/'ll — V2i>23 + ^3V'32 + 2 



-q-llpH - IJ2V'22 - 93«'33 + 2 
-ni'll - 92l/'23 + 93'/'32 + 2 




-PlV'13 +P2'/'21 
P4 

-Pll/'14 - P2V'22 - P3V'33 + 2 — 



-piVll - P2'4>23 + P3V'32 + 2 — 



-Pll/'12 + P2'/'24 




- P5/33 

- '/'22 - '/'33 I + P5/34 

- '/'23 + V'32 j + P5/3l 

- P5/32 



(3.17) 
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Table 7: Zero-brane reduced fhSG transformation rules in the adinkraic representation 
defined in Eqs. (3.16) and {3.17). 





Dl 


D2 


L' ; 


D4 




Dl 


D2 


D3 


D4 


*1 




i*2 


i*3 


-i*4 


*1 


#1 


-*2 


-*3 


«4 


*2 




— z*l 


i*4 


i*3 


*2 


*2 


*1 




— *3 


*3 


1*3 


— z*4 


— i*l 


— 2*2 


*3 


(j>2 


*4 


•Si 


<i'2 


*4 


1*4 


1*3 


— i*2 


i*l 


*4 


#4 


-«3 


ct>2 


-*1 


*5 


1*5 


1*6 


— i*7 


— 1*8 


*5 


*5 


-«6 


*7 


*S 




1*6 


— 1*5 


-i*S 


i*7 


*6 


#6 


*5 


*8 


-*7 


*7 


i*7 


— 1*8 


1*5 


— 1*6 


*7 


<1>7 


*8 


-*5 


*6 


*8 


i*S 


a*7 


i*6 


!*5 


*8 


*8 


— 'i'7 


— *6 


-«5 


*9 


1*9 


i*io 


-i*ll 


-1*12 


*9 


*9 


-*io 


*11 


*12 


*10 


J*10 


-i*9 


-i*12 


1*11 


*10 


*10 


*9 


*12 


-*11 


*11 


J*ll 


-i*12 


i*9 


-i*io 


*11 


*11 


*12 


-*9 


*10 


*12 


J*12 


i*ll 


i*io 


1*9 


*12 


*12 




-*io 


-*9 


*13 


J*13 


i*14 


— i*15 


-i*16 


*13 


*13 


-*14 




*16 


*14 


J*14 


-i*13 


-i*16 


i*15 


*14 


*14 


*13 


*16 


-*15 


*15 


i*15 


-i*16 


i*13 


-i*14 


*15 


*15 


*16 


-*13 


*14 


*16 


i*16 


i*15 


i*14 


i*13 
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Figure 5: The i;hSG valise adinkra. It is composed of one cis- and four trans-valise 
adinkras so therefore has the SUSY enantiomer numbers Hc — 1, nt — A. All bosons 
have the same engineering dimension and all fermions have the same engineering di- 
mension. 



As discussed in Section \l7\\ ;ASG is composed of cSG plus a complex linear com- 
pensating superfield, S. We will now show how a certain solution in our parameter 
space exposes the cSG adinkra as a submultiplet of the ;iiSG valise adinkra; a feature 
that was automatically realized for mSG in Section [2j 
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Consider the choice: 



U4 =M5 = V4 

qi =q2 = qs ■ 
Pi =P2 = P3 



V5 = 

-^ = 1 

1 , P4 



Ui + U2 + Us = Vi + V2 + = 1, 
-1 







q5 = n 
=^ P5 



-3 



(3.18) 
(3.19) 
(3.20) 



that reduces the nodal field content from Eqs. (3.16) and (3.17) to 
/ 



Wo 

p 
s 

n (fc + Vq) 



\ 





+ (U2 - "3)'l23 


"3A3 


+ ("1 - "2)hl2 


"2A2 


+ ("3 - t«l)'l31 


— u-lhli 


— U2^22 — "3^33 


viAi 


+ (V2 ~ U3)h23 


"3^3 


+ (ui - U2)hl2 


^^2^2 


+ ("3 - "1)^31 


-Ul/lll 


— V2h22 — 1^3^33 








V2 




~V3 




-Vi 



Ai + 3W"i 
A3 + 3W3 
A2 + 3W2 
-{3n + l)h - 3nVo 



-;34 





/3l 








+ ^2i'21 + "3'/'34 


-"lV'14 


- "2-022 - "3V'33 




— f 2l/'23 + "3'/'32 


-Uiiii2 


+ "2-024 - "3031 




+ t'2V'21 + t'3V'34 




- "2'022 - "3'/'33 


-viilii 


— "2 023 + "3 032 


-Vi4>i2 


+ "2'/'24 - "3'/'31 


-^-A4 

-^+A3 


- 013 + l/'21 + 4'34 


+ 4>li + '022 + 033 


+ i>ll + i'23 - ^32 


n. J- 


- 012 + 024 - '031 



3/33 - 013 + ^21 + V'34 
-3/34 - 4>u - i>22 - 0'33 
— 3/3l — l/ill - l/'23 + 032 

3/32 - '012 + '/'24 - 031 



(3.21) 



Under the parameter choice, Eq. (3.18), the submultiplet 



($5, $6, $7, $8, '^'10, '^'11, $121^5, ^6, ^7, ^8, ^9, ^10, ^11, ^12) 



(3.22) 



of mSG and ;aiSG are identical. We shall identify this submultiplet with that of 
cSG in Section |4| The (12|12) submultiplet parameterized by the other nodes of 
;a4SG compose an ric = 1, = 2 system, and we identify this as the complex linear 
compensator, per our discussion in Section [T] This is evidenced in that this sub- 
multiplet is spanned by one cis- and two trans-valise adinkras, the upper left and 
bottom rightmost two adinkras, respectively, in Fig. [s] Indeed, the (12|12) complex 
linear superfield was found in Ref. [13] to have the SUSY enantiomer numbers = 1, 
nt = 2. 

Table [T] and the adinkra shown in Fig. [sjcan be written as Eq. (1.1) with 20 x 20 
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adinkra matrices given by 



Li = I5 (g) I4 

/ 1 \ 
0-10 
0-10 
0-10 
-1 



®/3 



2 5 



-zls (g) /3i , 



(3.23) 



which are written in terms of the S'0(4) generators in Eq. (2.25). The ^dSG adinkra 



matrices satisfy the orthogonal relationship, Eq. (2.27) and the ^7^(20,4) garden 
algebra 

LiR-j + LjR-i = 25ijl2o 

(3.24) 

RjLj + RjLi = 25ijl2o • 



3.3 Traces 



The T^SG chromocharacters are 

Tr[LiL*] =20 61, 
Tr[LiL*LKL*L] = 20(5ij5kl - ^ik^jl + ^il^jk) - 12 euKL 



(3.25) 



and so comparing with Eq. (2.28) we see once again that ^SG has the SUSY enan- 
tiomer numbers = 1, = 4. 



4 4D, Af = 1 Conformal Supergravity 

The hnearized theory of 4D, A/" = 1 conformal supergravity (cSG) contains 
the real component fields of an axial vector gauge field A^, Majorana gravitino ipf^a, 
and graviton /i^^,. We will see in this Section that the adinkras for cSG are indeed 
submultiplets of both the mSG and t^SG adinkras, with enantiomer numbers Uc = 0, 
nt = 2. 



4.1 Transformation Laws 



The transformation Laws for cSG are easily found by removing the fields S and 



P from the mSG laws, Eq. (3.8). 
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D.V =\{l{f^)\l\i'u)b (4.1b) 

=^(7')a6A^+ ^(7'[7M,7l)a6^. - . 1^]) M p , (4.1c) 

These are a symmetry of the cSG Lagrangian 

+ il^.i>{YTnd,rc - le'^""'{7'7af''^.bnd,ilj^, (4.2) 

where the canonical C/(l) field strength is 

F^, ^ d^A, - d,A^ . (4.3) 

With a bit of work, it can be shown that the graviton part of the cSG Lagrangian is 
the square of the Weyl tensor 



l,„o, 1 



in the linear limit g^j^^ = rj^y + h^y where indices are raised and lowered with the 
Minkowski metric rj^ij. This is just as is expected for conformal gravity. The following 
linear expansions are useful in the preceding calculation 

Ran^v =-j{dnd[vhj3]a — dad[uhj3]i^) (4.5a) 

RfMu V + ^d^d^h - (4.5b) 
R ^Dh - d^dyh^"" . (4.5c) 
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The cSG Lagrangian possesses the hnear hmit conformal symmetries 



S%a=d,ea + il^)J'cr, . (4.6) 
The cSG transformation laws satisfy the algebra 



where ipabc is as before in both the minimal and non-minimal representations, Eq. (2.6 ), 
and another piece has arisen on the right hand side of the gravitino algebra 

aabd =1 ih^nabh^^)! + te'"'''^J.)ab{l'lp)l) da^^e • (4.8) 

The term involving aabd is proportional to (ci^)c'^ and so is a consequence of the related 



symmetry of the cSG Lagrangian depicted in the last line of Eq. (4.6). The auxiliary 
fields in both the minimal and non-minimal cases, serve to remove this term, which 
necessarily reduces the full conformal symmetry group to Poincare. 

4.2 One-Dimensional Reduction 



We use temporal gauge, Eq. (2.9), as before for hfj,y and ip^a, but now also for the 
axial U{1) vector 

Ao=0 . (4.9) 



In this gauge, the Lagrangian (4.2) reduced to the brane becomes 



^33 '34 

4°G =2 5Z '^'^^'^ " ~ 3 + 3 Z Z 'i'ibi'ib+ 

i=l j=l 1=1 i=l 6=1 

- ^ - 1pl3'4'21 - ^12^^24 + ^14^^22^ + 

- ^ (i'3li'l2 - ^32^^11 + ^^33^^14 " ^"34^^13) + 

- ^ (^V'2lV^34 - ^"24^^31 + ^22^^33 - ^"23^^32) • (4.10) 
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Its symmetries, Eqs. (4.6), become 



Shij =B6ij , 6Ai = , 2,j = 1,2,3, 

Si^ll =(T2 , Slpi2 = (Ji , 5^13 = 0-4 , Sipu = 0-3 , 

5V^21 = -0-4 , 5V^22 = 0-3 , 5V'23 = , ^^^24 = -O"! , 

Si^Sl =Cri , 5^32 = -0-2 , = 0"3 , ^^'34 = "(^4 , 



(4.11) 



with the constraints 



B =2Ar 



ei 



0-2 



A,- = constant 



p = constant 



€2 = (Ti 



e3 = (74 



€4 = -CTs 



(4.12) 



that serve to maintain temporal gauge, Eqs. (2.9) and (4.9). 



The adinkranization proceeds precisely as in Section [2| but now with S = P 



Aq = 0. From the solutions, Eqs. 2.19 and 2.20, we see there is no way to decompose 
cSG into a cis-valise adinkra, though there is the same degeneracy in decomposing 
into trans-valises as there was for mSG. Since cSG has k = 2 = ric + rit, we conclude 
that cSG has SUSY enantiomer numbers 







(4.13) 



The node definitions for the cSG adinkra. Fig. 6l are as in Eqs. (4.14), from which 



the 0-brane reduced transformation laws in Table [8] can be read. The parameters in 



Eqs. (4.14) are constrained as in Eq. (2.23). 



"3^3 + (ui — U2)hl2 
"2^2 + ("3 — "l)''31 
-HI h-i 1 — U2'l22 - "3^33 



V 



viAi + (V2 — V3)h23 
^3^3 + (vi - V2)hi2 
V2A2 + (t>3 - f l)'l31 
-Ulhii — V2h22 — V3h33 



( -tlll/113 + 112'/'21 + "3'/'34 ^ 
-tlll/il4 - U2^22 - '"3V'33 
- M2'/'23 + ^3^32 
-■u-li'12 + "2V'24 - "3'031 



v 



-T'lV'13 + V2i'21 + V3^3A 
-v-i4>U - ■"2V'22 - "3'/'33 
-v-ii>ll — V2i>23 + ■"3'032 
-v-ii>12 + V2tf>2i - f3'031 



(4.14) 



These node definitions have all the 0-brane symmetries of the cSG Lagrangian, 



Eq. (4.11). Note that the nodes in the cSG valise adinkra are precisely the sub- 



multiplet, (3.22), that showed up in the mSG and the ^dSG under the parameter 



choice Eq. (3.18 ) 



From the node definitions in Eqs. |4.14 it would appear at first glance that there 
are more degrees of freedom in the original fields than the number of nodes. This 
is not the case precisely because the nodes are invariant with respect to the 0-brane 



25 



Table 8: Zero-brane reduced cSG transformation rules in the adinkraic representation 
in Eqs. (J^.H). 





Di 


D2 




D4 
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-i*3 


-i*4 


*1 


*1 


— *2 


*3 


■1.4 


*2 


i*2 


— i*l 


— z*4 


i*3 


*2 


*2 


#1 


*4 


-*3 


*3 


i«3 


— i*4 




-i*2 
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-*6 


*7 


•I'S 
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*6 


<i>6 


*5 


«S 


-*7 
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-i*s 




-i»e 


-67 
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*8 
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•I>6 




j*8 


1*7 


1*6 
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*S 


*s 
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-■i>5 



symmetries, Eq. (4.11 ). These residual symmetries remove one more degree of freedom 



from the graviton, leaving it with a total of five, and four more from the gravitino, 
leaving it with eight. Adding the three degrees of freedom from the completely gauge 
fixed Ai field brings the degrees of freedom to (8|8) once all gauge degrees of freedom 



encoded in Eq. (4.6) have been removed. 





Figure 6: The cSG valise adinkra. It has the exact same nodal content as the two 
mSG trans-adinkra pieces in Fig. and two of the four '^SG trans-adinkra pieces in 
Fig. [5| under the parameter choice IjS.lS ). The cSG SUSY enantiomer numbers are 
therefore — Uf = 2. The engineering dimensions of all bosons are the same and 
the engineering dimensions of all fermions are the same. 



The cSG adinkra matrices can be read off either Table [8] or Fig. [6] 



Li = I2 ® I4 , L2 = ii-2 ® (3^ 
L3 = -il2 ® , L4 = -zla ® /3i 



(4.15) 



These satisfy the orthogonality relationship, Eq. (2.27), and the ^7^(8,4) algebra 



LiR-j + LjRi — 25ijl8 
RiLj + RjLi = 25ijl8 



(4.16) 



4.3 Traces 

The chromocharacters for cSG are 
Tr[LiL*] =8 5ij 



Tr[LiLjLKLL] = 8(5ij5kl - ^iK^ih + ^il^jk) - 8 euKL • 
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Comparing with our master formula Eq. (2.28), once again we see that the cSG SUSY 
enantiomer numbers are ric = 0, rit = 2. 



4.4 The View From The Conformal Perspective 



The collection of fields in (4.10 ) and (4.11 ) together with their associated L-matrices 



in (4.15) along with their associated adinkras in Fig. 6 are highly significant in another 



way. One can easily see upon comparison between the bosonic and fermionic fields 



in (4.14), the bottom eight lines of the bosons and fermions in (2.22), and lines five 



through 12 of the bosons and fermions in (3.21) that these all correspond to the same 
structure. 

Let us rename these structures according to the definitions 



njiV) 



^^3^3 + (ui - U2)hl2 
"2'42 + ("3 - Ui)h3i 
— nihil — tl2'l22 — n3''33 



v 



viAi + {V2 - vs)h23 
V3A3 + (fl — i^2)hi2 
V2A2 + (fa — i^l)h31 
-v-\ h-[ 1 — vohoo — v^h^i 



J 



(V) 



( — ni?/)i3 + U2Tp21 + U31p34^ ^ 
-Ui'ipi4 — U24'22 — "3^33 
-"iV'll - "2'/'23 + "3'/'32 
-"1'012 + "2V'24 - "3'/'31 
-fli'13 + V2i>2l + V3i>3i 
-v\4}\i — V2^22 — V3^33 
-viTpii — V2i)23 + ^J3V'32 
-"1'/'12 + I'2'/'24 - I'3'/'31 / 



V 



(4.18) 



and re-express the supersymmetrical D-algebra in the form of two equations 



- «(Li).-.'H^.y , DiH^.y - (Ri)-— H-^ 



liV) 



(V) 



d 



l{V) 



(4.19) 



where the L-matrices and corresponding R-matrices are defined by Eq. (4.15). This 
particular valise describes 4D, M = 1 conformal supergravity. The fact that it univer- 
sally occurs in each of the supergravity formulation is equivalent to two well known 
facts in other approaches: 



a. In the superspace approach of [H] there was presented a description of super- 
gravity in terms of unconstrained 'prepotential' superfields. One of the features 
of the construction was to show that in fact, all off-shell version of SG theory 
when written in terms of unconstrained superfields can be split into a 'conformal 
prepotential superfield' and a 'conformal compensator superfield.' Although the 
former is unique, the latter was shown not to be so. This possibility of different 
choices for the conformal compensator accounts for the different auxiliary field 
structures that can occur in off-shell descriptions. This work was also the first 
to show that even in the confines of a Poincare theory, there is an important 
role for the symmetries of a conformal theory. 
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b. In the conformal component-level approach of [T7j which began after the work 
of Ref . [8] , once more one sees that there is a sub-multiplet in all off-shell super- 
gravity theories that consists solely of the fields required to describe conformal 
supergravity. In this approach the component fields that appear over and above 
these arise (as they do in the superfield approach) as the result of the breaking 
of conformal symmetry. 

The task of understanding how the spacetime superconformal group is embedded 
with the approach of an adinkra-based formulation is an important task to be carried 
out in future research along these lines. 



5 Synthesis 

In this section we synthesize the main results of the paper into a cohesive 
framework, including relations to the previous two Refs. [T^l [13] • Consider the super- 
character [18] 



Xp(t, a, b) = Tip [(_l)i^t2AgiaMoigi6M23j _ (51) 

Here F is the fermion number, Mqi and M23 are Lorentz generators, and A computes 
the engineering dimension of the field in the representation p normalized so that a 
physical spinor has dimension A = |. In all cases of interest to us, A is integral iff 
F = so that we may combine the first two terms to give 

Xp{t, a, h) = Tr, [(_t)2Ag.aMoig.6M,3] _ (5,2) 

If we are uninterested in the dimension of the fields in the representation p and if, 
furthermore, we forget about the grading by fermion number, we may set t = —1 and 
study the resulting Spin{3, 1) character instead. This quantity is related by Wick 
rotation to the chromocharacters computed previously]^ That is, we consider instead 
of X: a "twisted" version x on Spin^A)^ 

Xp =Trp [(_t)2Ag^aMi,g^6M34] (5 3) 

{MuV =\ [(Li).^(Rj)^^' - (Lj).^(Ri)^^] • (5.4) 



^An advantage of this compactification is that the representations are replaced with finite- 
dimensional analogues which possess no gauge freedom. 
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Notice that in our definition of 'twisted,' tlie usual Lorentz generators are replaced by 
the matrices defined in Eq. (5.4) that are not Lorentz generators, but we will use them 
as if they are. Then, for example, any garden algebra satisfying the orthogonality 
relation (2.27) and the chromocharacter formula (2.28) will have 

d d 



d_ 
da 



X 



a,fe=0 



da db 
db 



X 



X 



a,b=0 



a,b=0 



4(nc - rit) 



-4{nc + rit) 



(5.5) 



and we recover the enantiomer numbers. In this way, "adinkranization" may be 
thought of as an algorithm for computing the characters of the (Wick-rotated) super- 
Poincare group. 

More explicitly, the calculation of the twisted character for the cis, trans, real- 
unconstrained (M), cSG, mSG and complex linear superfield (S), and ;jiSG are 



Xcis(a,6) = 4cos 

Xtrans(a,&) = 4 COS 

Xw{a,b) = 8 cos 
XcSg(«,^) = 8 COS 



cos 



COS 



COS 



COS 



+ 4 sin 
— 4 sin 



sm 



sm 



) sm 



XmSG 



'a,b) = Xs(a,&) = 12 cos (^^j cos - 4 sin 
X^SG{a,b) = 20 cos (^^j cos - 12 si 



sm 



sm 



sm 



(5.6) 



In fact, these representations all fit into the formula: 



X(a,&) =4(nc + rit) cos 



cos 



4(nc - rit) sin 



sm 



(5.7) 



By taking partial derivatives, we clearly find the correct {ric, rit) numbers. By way of 
comparison, the characters for the 2-component (anti-)Weyl, the analogue of the (cis) 
trans representation, and 4-component Dirac spinor representations of Spin{3, 1) are 



29 



Xweyi(a, b) = 2 cosh (^^ j cos + 2i sinh j sin 
Xwe^(a, = 2 cosh (^^ j cos - 2i sinh 



a\ . (h 
- sm - 
2/ V2 



XDii 



(a,6) = 4cosh(^)cosQ^. (5.8) 
Noting from Ref. [12] that the chiral multiplet is in the cis-representation, we see 



that the characters (5.6) obey the superfield equation 



complex unconstrained = chiral + complex linear. (5.9) 

Similarly, we comment that the results for the gauge-fixed vector multiplet and tensor 
multiplet given in the literature are consistent with their identification as real-linear 



multiplets. For example, the characters (5.6) obey the superfield equation 



gauge-fixed vector = real unconstrained — (chiral + chiral) 

= real-linear. (5.10) 



It is important to note that in this equation (chiral + chiral) is the real part of the 



chiral superfield, which can be identified with one cis-representation in Eq. (5.6) as 
these are all real representations. 

We represent all of this in the following table: 





Xral (4|4) 


E-lin. (4|4) R (8|8 


) C-lin. (12|12) C (16|16) 


ric + rit 


1 


1 2 


3 4 


Uc - nt 


1 


-1 


-1 



(5.11) 



The super-dimensions of these representations are indicated as {db\df). 

Just as there are two inequivalent (4|4)-dimensional representations (chiral and 
real-linear), there is a second (8|8)-dimensional one: conformal supergravity. Together 
with the equations 

minimal SG = conformal SG + chiral compensator 
non-minimal SG = conformal SG -|- complex-linear compensator (5.12) 
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we obtain the following table: 





cSG (8|8 


) mSG (12|12) i^SG (20|20) 




2 


3 5 


Tie - Tit 


-2 


-1 -3 



This completes the list of all known off-shell AD, M' = 1 representations whose 
adinkras have been been reported to date [121 IE] • 



6 Conclusion 

In this paper, the SUSY enantiomer numbers and adinkras for mSG, :^SG, 
and cSG were explicitly derived. It was found that these numbers indeed exhibit 
additive behavior among the different representations, like characters in group the- 
ory. The base multiplet for supergravity is cSG, with SUSY enantiomer numbers 
{nc,nt) = (0,2). The mSG multiplet is cSG plus a chiral compensator superfield 
with SUSY enantiomer numbers {nc,nt) = (1,0). We indeed found the enantiomer 
numbers for mSG to be the sum of the enantiomer numbers for cSG and the chiral 
superfield: (nc, = (0,2) + (1,0) = (1,2). The same holds true for ^SG, which 
is cSG added to a complex linear compensator superfield, and all other multiplets 
investigated so far [121 [13] • This leads us to believe that SUSY enantiomer numbers 
are indeed characters describing the superfield content, and the adinkras are pictorial 
representations of these characters. 

We also unveiled a simple procedure for finding SUSY enantiomer numbers. This 
utilizes the cis- and trans- valise adinkra pictures and the 0-brane transformation laws 
for the multiplet whose enantiomer numbers are sought. The procedure is to force the 
0-brane transformation laws to fit into either the cis- or trans- valise adinkra, leading 
to constraints on the possible linear combinations of the fields in the multiplet that 
define the nodes in the irreducible adinkras. 

For the adinkranization procedure to produce unambiguous SUSY enantiomer 
numbers, it appears a 4D, JV = 1 off-shell multiplet described by a QTZ{d, N) algebra 
can have only one of four sets of SUSY enantiomer numbers: 
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= U 




d 




nt = 


4 








d 


Uc 


= 1 


nt = 


4 




= , 




d 


nt 


Uc = 


4 








d 


nt 


= 1 , 


Uc = 


4 



- 1 



- 1 



(6.1a) 
(6.1b) 
(6.1c) 
(6. Id) 



In this paper, we showed that cSG satisfies case (|6.1a|) and mSG and ^SG both 

the 



satisfy case (6.1b). The three 4D, A/" = 1 off-shell cases investigated in Ref. 



chiral, vector, and tensor multiplets satisfy cases (6.1c), (6.1a), and (6.1a), respec- 
tively. These three have trivial solution spaces, i.e., there is no parameter space of 
solutions for adinkranization as was found for the mSG, :piSG, and cSG. The 4D, 
J\f = 1 off-shell cases investigated in Ref. [13] , the real scalar superfield and complex 



linear superfield, both satisfy case (6.1b), though the real scalar superfield simultane- 
ously satisfies case (6. Id) since d = 8. The solution space for the real scalar superfield 
is trivial as was the case for the tensor, vector, and chiral multiplets. The complex 
linear superfield on the other hand has a non-trivial solution space, much like that 
of mSG. This was not explicitly derived in Ref. [13], though a quick analysis of these 
multiplets with the procedure developed in this paper shows that it is indeed true. 

Ongoing work that will be part of a future publication has already produced 
case (6. Id) for the d = 20, 4D, A/" = 1 gravitino-matter multiplet. The real scalar 



superfield is the only other known representation which fits into this case, though it 
does so with a trivial solution space. The gravitino-matter multiplet is therefore the 



only known instance of case (6. Id) for which the solution space is non-trivial and is 
in terms of the the cis-enantiomer number rather than the trans-enantiomer number. 
The roles of cis and trans between the gravitino-matter multiplet and all other known 
non-trivial multiplets are reversed! 

Moving forward, we plan on continuing to investigate adinkranization of higher 
superspin off-shell systems. For these higher d systems either the cis or the trans 
numbers will increase (whichever increases, the other will be held at zero or one) if 



our adinkranization conjecture (6.1) is to hold. Now the questions seem to be, is it 
the cis or the trans number that will increase for these higher d systems, what is the 
pattern, and what information are the cis and trans numbers storing? 



'Our nation must come together to unite. " - George W. Bush 
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A Definitions and Conventions 



We will use the real representation of the 7 matrices as in Refs. 



2\ b 



/ 10 \ 

-10 
-1 

V 1 / 

/ -1 \ 
10 
10 

V -1 / 

/ i \ 

-i 



/ 1 \ 
10 

1 

V 1 / 

/ 1 \ 

0-100 

10 

V -1 / 



0,,l,,2,,3^ b 
a 



i 

V -i / 



(A.l) 



(A.2) 



We also use the following conventions for the totally antisymmetric Levi-Civita tensor 
and the 50(1,3) generators for spinors 



^0123 — — e 
i 



0123 



1 and totally anti-symmetric. 



(A.3) 
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Einstein summation convention is assumed throughout, for example 

3 

A^'A^ = A^A^ = A^Aq + A^A^ + A^A^ + A^A^ . 



(A.4) 



All lower case Greek indices ix^u^a, [5, . . . are space-time indices and are raised and 
lowered with the Minkowski metric 





-1 








\ 







1 
















1 



















/ -1 \ 

10 

10 

V 1/ 



(A.5) 



as 



— Tjfii/A , A^ — r)'^ An 



(A.6) 



Lower case Latin a,b,c, . . . are fermionic indices and are raised and lowered with the 
spinor metric 



a 



ab 



/ -1 \ 

10 

1 

V -10/ 



(Jo,b C**"^ 



ba 



/ -1 \ 

10 

1 

\ -10/ 



(A.7) 



according to the northwest-southeast rules: 



(A.8) 



Symmetrization and anti-symmetrization are defined as follows without any normal- 
ization: 

(7(/.)aVi.)& = {ln)a'4^vb + {lv)a'4^^ib , (7[M)aVi^]6 = {ln)a'4^vb - Mai^l^b ■ (A.9) 

We use the following conventions for the Riemann and Ricci tensors, Ricci scalar, and 
Christoffel symbols: 



I10U 




fiau 


—d r" 


R 





liv 



a Y0 _ 
Hj3 va 



a -p0 
Hy a0 



(A.lOa) 
(A. 10b) 
(A.lOc) 
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^'0.^=^9'" {d[p9o.)u-d,g^p) . (A.lOd) 

We linearize with 

g,u = V,u + K, , g^^^ = r^^- - h^'- (A.ll) 

after which indices are raised and lowered by the Minkowski metric rj^y and /i^^, is 
referred to as the graviton. For instance, we have the linearized Christoffel symbol 

T^ap = \'n'"'{d{pK)u-d,Kp) . (A.12) 

We define the d'Alembertian operator as 

n = r]''''d^d, (A. 13) 

and h denotes the trace of the graviton which is symmetric 

h =r]'"'h^y , hf,^ = . (A. 14) 

Conventions for reducing AD transformation laws to the 0-brane as well as all con- 
ventions for drawing adinkras from these transformation laws are as in Parts I and 
II [T2I [13] . A quick review of these rules can be found in Appendix A of Part II [13] . 



B Proof of Most General mSG Lagrangian, Trans- 
formation Laws, and Algebra in Majorana Com- 
ponents 

The most general linear 4D, M = 1 minimal SUGRA Lagrangian with component 
fields in a real Majorana representation as used in this paper takes the form 

- so^^' - Po^P' + ao\A,A>^ - fo\^,ae^''''\i'iuT'd^tl,p, (B.l) 

where oq, sq, po, ^0, and /o are constants to be determined via supersymmetry. 
Variation of the Lagrangian with respect to h^j^y results in 

5C = - 25h^' {r^, - ]^'n^uR^ (B.2) 
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where i?^,^ is the hnearized Ricci tensor 

p f) po I f\ -pa pa p/3 I -pa p/3 

J^^lv — ^a^ fj,u ' fj.a ^ fiu'- af3 ' ^ ua 

= - \dpd(^^h^) + \dad''h^, + ]^d^d,h (B.3) 
where we have the hnearized Christoffel symbol 

r% = \{r,^'' - hnidi^iVa). + K)u) - d.ivap + Kp)) 

= \n'"'{d{pK).-d.Kp) . (B.4) 

This confirms we are using the correct hnearized supergravity Lagrangian as it pro- 
duces Einstein's equations in vacuum for the linear theory. 

In the following subsections, we will first impose this supersymmetry via a set of 
general transformation laws, then use closure of the algebra of these transformation 
laws to find a final solution for these constants. This will leave us, up to field redefi- 
nition symmetries present in the Lagrangian, the most general Lagrangian and set of 
supersymmetric transformation laws. 



B.l Transformation Laws 

The most general transformation laws that are an invariant of the Lagrangian 
take the form 

D,5=2Si(cr^^)X^,fe (B.5a) 
DaP =Vi{l'^nad,'4^ub (B.5b) 
J^aA, =ta,{^''Y)a'd[ui^,]b + a2e/"^(7.),'5„^^, (B.5c) 

Da V =^l(7M)aV.fe + hi{'y,),^^^b + h2Vf.uh")a^ab (B.5d) 

Da^^b =^flil^,)abS + f2{lht.)abP + h{l^)abA^, + i f a ^ abA^+ 

+ h{(y''^)abdahp, + thCabd^h"^ + ifjCabd^h + /8«)a,9,/l + 

+ h{aPabdph^^ . (B.5e) 

A few comments about the things that have led us to this present form. We have 
excluded all terms on the right hand sides of the transformation laws for P, and 



that do not obey the symmetry in Eq. (2.8 ). It is also notable that the spin connection 
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shows up in the /s term in the transformation laws for ip^h, and is equivalent to 
where the linear frame fields are defined as 

+ If-, (B.7) 
< ^K' - If' (B.8) 



and defined to satisfy 



2' 



^V,J%f-, = Vu_J%f-u (B.9) 
h'''^v'-5:f' = v'^5.'f: (B.IO) 



so that we have the linear relations 



gf"^ =e/e/r7^^ = t^^"" - /i^^ + 0{h'^) (B.12) 
g.ug"'' ={v,u + V)(r/'^" - /^^°) + 0{h') = C + 0{h') . (B.13) 



Enforcing the supersymmetry on the Lagrangian (B.l) such that 



BaC = + total derivatives (B.14) 

leads to the following solution for the fi in terms of si, pi, ao, sq, Po, ho, /o, ai, 02, 
/ii, and /;,2 

r _ So f _ Po f _ ^0 

J I — "TT^Sl 1 J 2 — —WTPi 1 J4 — — TTT^l ' 

^Jo ^Jo ^Jo 

/3 = -^fa2- Jai) , U = -2^h, , /^2 = /6 = /8 = /9 = 0. (B.15) 
Jo V / Jo 

The fact that fj is yet unconstrained is not surprising as this term encodes the gauge 



symmetry in Eq. (2.8). For now, we shall keep it unknown. 



This gives us, for transformation laws that are a symmetry of the Lagrangian (B.l ) 



DaS =isi{a^''),'d,^,, (B.16a) 
DaP=Pi{l''a^nad,'^vb (B.16b) 

37 



D,A^ =ia,{j'Y)^%ij^^, + a2e/"^(7.),''a„V'/36 (B.16c) 
=/ii(7M)aV.fe + hi{^,)^i,^, (B.16d) 



^Jo -^Jo Jo \ ^ / 

- 2;^ai(7V/),6A, - 2^/ii(a"'^),A V + ^/yC^a^^^/^ (B.16e) 
^/o Jo 

B.2 Algebra 

Next, we wish to finish solving for the leftover constants in the transformation 



laws (B.16) so they satisfy the algebra: 



{D,, = 2i{^^')ai,d^S , {D,, DJP = 2i{^^)abd^P, 

{J^aMA,=2i{^^)abd^A, , (B.17) 

{D^DJV =2*(7")a65aV + 2^^(M(K))a6, (B.18) 

{Da, Dj^^c =2i{'y°')abdaiptMc + 2id^,ipabc ■ (B.19) 
with the gauge freedom encoded by 

(K)a6 =&l(7°)a6/^.a + h2{lu)abh (B.20) 
V?abc =Cl(7")ab?/'ac + C2 (7")c(aV'|a|6) + V)c(a(7^)6) + C4Ce(a(7")b)] ^.d (B.21) 

with 6j and q new constants to be solved for. We in fact started from a much more 
complicated gauge invariant term than (pabc-, but here only summarize the part of the 
proof for the terms that did not vanish. 

By direct, brute force calculation, we have found that the most general set of 
parameters which satisfy closure as above and Lagrangian invariance are 

_2/o _ 2/o _ 2/o L _ /o 

- 1 f - ^ f - ^ / - 2 

^2 — — T^ai , Ji — — ^ — , J2 — — ^ — , J3 — ^ — , 
z 6Si 6pi 6ai 

fA = ~o — ! /s = —^TTT ' ^1 = ~o ' Ci = — 1 , 
3ai 2/ii 2 

C2=C3 = C4 = ^ , f7 = h2 = h = h2 = h = h = Q ■ (B.22) 

There are still has five free parameters, si,pi,ai,hi, and /o, which encode the left 
over normalizations in the Lagrangian, an overall rescaling of the Lagrangian, and 
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the binary symmetries of the Lagrangian, i.e. /i^,^ —h^^, etc. Notice, that closure 
has now forced hj = b2 = 0. 

The final, most general Lagrangian, transformation laws, and algebra are: 
/o 



Ahl V 2^"^ 

2/0 1 ^2 2/0 1 ^2 , 2/0 1 



3s^ 2*^ ^pi 2 



1 



3a? 2 



A^A'^ - /o-^^ae'^'^"^(7'7.)"'5aV'/36 (B.23) 



and 



„ (7/.)a6^ - ^(7 7M)afe^ + ^ (7 )a6^M 

3si 3pi 3ai 

7T7-(cr"'^)a6<9a/i/3M 



3ai 



(7'Oa6A,+ 



(B.24a) 
(B.24b) 

(B.24c) 

(B.24d) 

(B.24e) 



which satisfy the algebra in Eq. (2.5). With no loss of generality, we therefore make 



the following choices for the final five parameters 



ai = si = pi = fo = 2hi = 1 



(B.25) 



which puts the Lagrangian and transformation laws into the forms used throughout 



the paper, i.e., Eqs. (2.2) and (2.1). Also, various gamma matrix identities take us 



from Eqs. (B.21) and (B.22) to Eq. (2.6) for the closure term on the gravitino. 



References 

[1] V. Ogievetsky and E. Sokatchev, "On Vector Superfield Generated by 



Supercurrent," Nud.Phys. B124 (1977) 309-316 V. Ogievetsky and 



E. Sokatchev, "Equations of Motion for Superfields," in *Alushta 1976, 
Proceedings, Nonlocal, Nonlinear and Nonrenormalizable Field Theories*, 
Dubna 1976, 183-203. V. Ogievetsky and E. Sokatchev, "The Axial Superfield 
and the Supergravity Group," Yad.Fiz. 28 (1978) 1631-1639. V. Ogievetsky 



39 



and E. Sokatchev, "Equation of Motion for the Axial Gravitational Superfield," 
Sov.J.Nucl.Phys. 32 (1980) 589. 



[2] P. Breitenlohner, "A Geometric Interpretation of Local Supersymmetry," 
Phys.Lett. B67 (1977) 49l P. Breitenlohner, "Local Supersymmetry and the 



Chiral Multiplet," Phys. Lett. B (1976) . P. Breitenlohner, "Some Invariant 
Lagrangians for Local Supersymmetry," Nucl.Phys. B124 (1977) 500, 

[3] K. Stelle and P. C. West, "Minimal Auxiliary Fields for Supergravity," 



\Phys.Lett. B74 (1978) 330 



[4] S. Ferrara and P. van Nieuwenhuizen, "The Auxiliary Fields of Supergravity," 



Phys.Lett. B74 (1978) 333. 



[5] Z. Komargodski and N. Seiberg, "Comments on the Fayet-Iliopoulos Term in 
Field Theory and Supergravity," JHEP 0906 (2009) 007, arXiv:0904. 1159~ 



[hep-thj] Z. Komargodski and N. Seiberg, "From Linear SUSY to Constrained 



Superfields," \JHEP 0909 (2009) 0661 |arXiv: 0907 .2441 [hep-th]| K. R. 

Dienes and B. Thomas, "On the Inconsistency of Fayet-Iliopoulos Terms in 



Supergravity Theories," .Phys.Rev. D81 (2010) 065023, arXiv: 0911 . 0677 



[hep-th]} S. M. Kuzenko, "The Fayet-Iliopoulos term and nonlinear 
self-duality," \Phys.Rev. D81 (2010) 085036, |arXiv: 0911. 5190 [hep-th] 



S. M. Kuzenko and S. J. Tyler, "Complex linear superfield as a model for 



Goldstino," JHEP 1104 (2011) 057 arXiv: 1102.3042 [hep-th] 



Z. Komargodski and N. Seiberg, "Comments on Supercurrent Multiplets, 
Supersymmetric Field Theories and Supergravity," JHEP 1007 ( 2010) Olfj 
[arXiv: 1002 .2228 [hep- th] , S. M. Kuzenko, "Variant supercurrent 



multiplets," \JHEP 1004 (2010) 022] [arXiv: 1002.4932 [hep-th] [ S. M. 

Kuzenko, "Variant supercurrents and Noether procedure," \Eur.Phys.J. C71 | 
(2011) 15131 [arXiv: 1008. 1877 [hep-th]) T. T. Dumitrescu and N. Seiberg, 



"Supercurrents and Brane Currents in Diverse Dimensions," \JHEP 1107 
1(2011) 095[|arXiv: 1106. 0031 [hep-t h] 



[6] G. Festuccia and N. Seiberg, "Rigid Supersymmetric Theories in Curved 
Superspace," ^JHEP 1106 (2011) 114[ [arXiv: 1105.0689 [hep-th], 



[7] T. T. Dumitrescu, G. Festuccia and N. Seiberg, "Exploring Curved 



Superspace," \JHEP 1208, (2012) 141) [arXiv: 1205 . 1115 [hep-th] 



[8] W. Siegel and S. J. Gates, Jr., "Superfield Supergravity," Nucl.Phys. B147 
,(1979) 77, 

40 



[9] I. L. Buchbinder, S. J. Gates, Jr., W. D. Linch, III and J. Phillips, "New 4-D, 
N=l superfield theory: Model of free massive superspin 3/2 muhiplet," \Phys~\ 
[Letf. W535 (2002) 280| |arXiv:hep-th/0201096 



[10] S. J. Gates, Jr., S. M. Kuzenko, and J. Phillips, "The Off-shell (3/2, 2) 



supermultiplets revisited," \Phys.Lett. B576 (2003) 97-106 
arXiv : hep-th/0306288l 



[11] S. J. Gates, Jr., S. M. Kuzenko, and A. G. Sibiryakov, "Towards a unified 



theory of massless superfields of all superspins," Phys.Lett. B394 (1997) 
343-353[ [arXiv:hep-th/9 611193[ 



[12] S. J. Gates, Jr., J. Gonzales, B. MacGregor, J. Parker, R. Polo-Sherk, V. G. J. 
Rodgers, and L. Wassink, "4D, N = 1 supersymmetry genomics (I)," JHEP 12] 
p009) OOSj [arXiv : 0902 . 3830 [hep-th] 



[13] S. J. Gates, Jr., J. Hallett, J. Parker, V. G. Rodgers, and K. Stifiler, "4D, N 



1 Supersymmetry Genomics (II)," JHEP 1206 (2012) 071 arXiv: 1112.2147 



[hep-th] I 



[14] I. Chappell, Isaac, S. J. Gates, Jr., and T. Hubsch, "Adinkra (In) Equivalence 



From Coxeter Group Representations: A Case Study," axXiv: 1210 . 0478 



[hep-th] 



[15] S. J. Gates, Jr., T. Hubsch, and K. Stiffler, "Adinkras and SUSY Holography, 



arXiv: 1208.5999 [hep-th] [ 



[16] P. Van Nieuwenhuizen, "Supergravity," \Phys.Rept. 68 (1981) 189^^ 



[17] E. Bergshoeff, M. de Roo and B. de Wit, Nud.Phys. B182 (1981) 173 



[18] J. Kinney, J. M. Maldacena, S. Minwalla and S. Raju, "An Index for 4 



dimensional super conformal theories," Commun. Math. Phys. 275 (2007) 209 



arXiv : hep-th/0510251 



41 



